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© 2010 Elsevier B.V. All rights reserved.1. Introduction
Models with the large scale modiﬁcation of gravity are actively
discussed in the recent years in connection with the observed
accelerated expansions of the Universe and because they can be
related to the existence of extra dimensions [1,2]. However, the
general principles of gauge invariance and unitarity strongly con-
strain possible theories of gravity, modifying the Newton’s law at
large distances (see analysis of [3]). Thus, in addition to its phe-
nomenological applications, this problem is related to the funda-
mental questions of particle physics, ﬁeld theory and gravity. It is
therefore important to search for large scale modiﬁcations of grav-
ity experimentally.
A possible set of consistent (as a spin-2 ﬁeld theory) large scale
modiﬁcations of gravity is described by two parameters – scale rc
and a number 0 α < 1 [3–5]. The scale rc marks the distances at
which at the linearized level gravitational law changes from 1/r2 to
some other power 1/rn , and the parameter α determines the value
of n. Phenomenologically, deviations from Newton’s law we are
looking for may be represented in this parameter space. A signiﬁ-
cant fraction of this space is excluded by precision measurements
of the Moon orbit [6]. Other natural probes of such modiﬁca-
tions are cosmological observables (see e.g. [7–12] and references
therein).
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doi:10.1016/j.physletb.2010.11.026In this work we identify a new observable sensitive to the large
scale modiﬁcations of gravity. We demonstrate that universal prop-
erties of individual dark matter halos are also affected by the mod-
iﬁcations of gravity, and provide novel way to probe them. Namely,
we show that the scale-invariant relation between density and
size of dark matter halos, predicted by Newtonian gravity within
the CDM model [13] and found to hold to a good precision for
observed dark matter halos [14], may receive non-universal (size-
dependent) corrections for a wide range of parameters rc and α.
Formation of structures in the Universe is an interplay between
gravitational (Jeans) instability and overall Freedman expansion.
The gravitational collapse does not start until the potential energy
U of a gravitating dark matter system overpowers the kinetic en-
ergy of the Hubble expansion K ∼ 12 H2R2. Once the gravitational
collapse has began, at any moment of time t a dark halo is con-
ﬁned within a sphere of zero velocity or a turn-around sphere. As
Hubble expansion rate H(t) decreases with time, the turn-around
radius Rta(t) grows. In the Newtonian cosmology (where gravita-
tional potential outside a spherically distributed mass M is given
by φN = −GM/r) the turn-around radius Rta is
Rta ∝
(
GM
H2
)1/3
(1)
(today for masses ∼ 1012M the turn-around radius is ∼ 1 Mpc).
Notice that at any moment of time the average density within a
turn-around radius (1) is proportional to the cosmological density
and is the same for halos of all masses:
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2
G
∝ ρ¯tot(t) (2)
The relation (2) continues to hold in the Universe where gravity is
modiﬁed by the cosmological constant Λ. The gravitational energy
of a body of mass M at distance r becomes UΛ = −GMr − Λr
2
6 .
Comparing it with the kinetic energy of the Hubble ﬂow K one
arrives once again to the relation (2)
ρta(t) ∝ Λ
G
(3)
(cf. [13]). The relation (1) still holds and is again independent on
the mass of the halo.
Actually, the property (2) remains true in all theories of gravity
where the gravitational potential outside a spherical distribution of
mass M has the form
φ(r) = −GM
r
F
(
ρ(< r)
ρ
)
(4)
where ρ is some constant with dimension of density and ρ(< r)
is the average density inside the radius r. In particular, Λ-term
obeys this property (with ρ ∝ Λ/G). All the theories of the
form (4) obey the property that the relative correction to the New-
tonian potential φN depends only on the average density ρ(< r)
within the radius r (and not on the mass or the size of objects).
Let us see whether consistent theories of modiﬁed gravity, de-
ﬁned in [3–5] possess the property (4). Gravitational potential
outside a spherically symmetric distribution of mass M is given
by [3–5]1
φα(r) = −GM
r
π
(
r
rV
)
(5)
where 0  α < 1 and the function π(x) is a solution of a non-
linear analog of the Poisson equation [4]. The Vainshtein radius rV
is deﬁned as [15,3,4]
rV =
(
2GMrβc
) 1
1+β where β = 4(1− α) (6)
If the scale rc is of the order of ∼ H−10 , such modiﬁcations of
gravity can provide an explanation for the late-time cosmological
expansion of the Universe [1,2]. The corrections to Newton’s law
become negligible as r → 0 (π(0) = 1) and the radius (6) char-
acterizes the scale where the deviations from Newton’s potential
become of order unity. Using the relation
r
rV
=
(
r1+β
2GMrβc
) 1
1+β
∝ M β−23(1+β) 1
ρ1/3(2Grβc )
1
1+β
(7)
(where ρ = M/r3) we ﬁnd that among the theories of modiﬁed
gravity [3,4] only the model with β = 2 (α = 12 , the DGP model [1])
possess the property (4) and consequently (2).
It was shown in [13] that the property (2) leads to a universal
relation between the characteristic scale rC and the average DM
density ρ¯C within rC. The distributions of dark matter in virialized
DM-dominated objects are described by universal proﬁles (such as
e.g. NFW [16] or Burkert [17]), parametrized by two numbers rC
and ρ¯C. It is convenient to introduce dark matter column density
S ∝ ρ¯CrC to describe the properties of DM halos in a way, inde-
pendent of the actual choice of a DM proﬁle (see [14,13] for the
discussion). It was demonstrated in [13] that in the simplest self-
similar model (i.e. assuming that rC/Rta is the same for the DM
1 In Eqs. (4)–(5) and below, we assume that gravitational potential outside a
spherical distribution of mass M is determined solely by this mass. For the mod-
els [3–5] this is true in the so-called decoupling limit [4].halos of all masses) property (1)–(2) implies a scaling S ∝ M1/3,
where M is the mass of a DM halo. N-body numerical simulations
(e.g. [18,19]) demonstrate that the ratio of rC to the virial radius
depends rather weakly (as M≈−0.1) on the mass of DM halos in the
CDM model with Newtonian gravity. X-ray observations of galaxy
clusters and groups and weak gravitational lensing data conﬁrms
this prediction (see e.g. [20–24]).
Due to this slight deviation from self-similarity one expects that
DM column density changes with the mass of the halo as S ∝ Mκ ,
where κ ≈ 0.2. These results are in perfect agreement [14,13] with
the CDM numerical simulations of [18,19,25]. This scaling law
should hold not only in the CDM model with Einstein gravity,
but in any theory of gravity models, satisfying the condition (5)
(e.g. in DGP model). In all these models the properties of DM ha-
los theory will follow the same scaling relation S ∝ Mκ and the
difference with the CDM case will only be in a different nor-
malization of this scaling relation. For other theories, described in
[3,4], with α = 12 , we can see from Eq. (7) that the potential φα(r)
is not of the form (4) and we can expect deviation from the univer-
sal scaling law S ∝ Mκ . For the qualitative discussion of this work,
it is important that S(M) is a featureless power-law dependence,
whose slope does not depend on mass and that the deviation from
the slope κ ≈ 13 is small.
2. S–M relation for general α
Below we repeat (following in [26,27,13]) the standard analy-
sis in the framework of the secondary infall model (see [28] for
a review) in theories of modiﬁed gravity [3,4]. In the decoupling
limit [4] of theories [3,4] the evolution of a spherical shell of radius
r(t), enclosing mass M is still determined via r¨(t) = −∂rφα(r(t))
with φα(r) given by (5). Integrating this expression over time, one
obtains the relation between the turn-around time t0, turn-around
radius and mass within this radius (cf. [13,26]):
t0 = 1√
2
Rta∫
0
dr√
φα(r) − φα(Rta) (8)
or equivalently (using Eq. (5))
t0 =
(
π2R3ta
8GM
)1/2
I(xta) (9)
Here dimensionless ratio xta ≡ Rta/rV and the function I(xta) is
given by
I(xta) = 2
π
1∫
0
dx
(
π(xxta)
x −π(xta))1/2
(10)
The solution of this equation gives us the “density” ρta ≡ M/R3ta
as a function of M . When rc → ∞ the turn-around density ρta
becomes
ρta = M
R3ta
= π
2
8Gt20
≡ ρ0 (11)
Here the constant ρ0 is a function of lifetime of the Universe only
and does not depend on parameters of a dark matter halo. This
gives a desired relation between a turn-around density and the
life-time of the Universe in the pure Newtonian cosmology (with-
out cosmological constant). The function I(x) is deﬁned in such a
way that in the Newtonian limit π(x) = 1 one gets I(x) = 1.
The derivation of Eq. (9) demonstrates that for all theories of
gravity of the form (4) (including Λ-term and the DGP model) ρta
A. Boyarsky, O. Ruchayskiy / Physics Letters B 695 (2011) 365–369 367Fig. 1. Column density S as a function of halo mass for derived from the best-ﬁt DM density proﬁles, collected from the literature in [14] (colored points apart from yellow
squares). The yellow squares show the average S for halos of a given mass, obtained from weak lensing. The black dashed–dotted line coincides with the predictions of
N-body simulations [19]. The shaded region shows the 3σ scatter in the simulation data. The gray dashed line shows the S(M) relation for satellite haloes [25].is a function of ρ0 only and does not depend on the mass/size of
a particular halo. As a result S ∝ M1/3 (see [13] for details).
Further analysis of Eq. (9) depends on the form of the function
π(x). This function is given by the solution of a non-linear equa-
tion [4]. The exact analytic solution is known only in the DGP case.
Let us start with analyzing several limiting cases.
If the Vainshtein radius rV  Rta for halos of all masses that are
experimentally observed (roughly from ∼ 108M to ∼ 1016M),
then for distances r  rV the corrections to the Newtonian poten-
tial reduce either to the order one renormalization of the grav-
itational constant (on the “normal branch”) or become indistin-
guishable from the Λ-term (“self-accelerated branch”). In both
cases S(M) ∝ M1/3 with the normalization, different from the pure
Newtonian case.
In the opposite case rV  Rta, one can utilize the known per-
turbative expansion of the function π(x) given by [3,4]
π(x  1) ≈ 1+ c1xa; a = β + 1
2
= 5− 4α
2
(12)
where c1 ∼ O(1) and is positive for the “normal branch” and neg-
ative for the “self-accelerating branch” [5] in full analogy with the
DGP model. Notice that a > 1 for α < 34 . Using the expansion (12)
one arrives to
I(xta  1) ≈ 1+ c1
2
xata
[
2
π
1∫
0
dx
1− xa−1
( 1x − 1)3/2
]
︸ ︷︷ ︸
≡I1(α)
(13)
where the function I1(α) monotonically decreases from I1(0) 
1.07 . . . to I1(1)  −0.454 . . . .
Substituting the expression (13) back into Eq. (9) and using (7),
we obtain(
ρ0
ρta
)1/2(
1+ c1
2
xata I1(α)
)
= 1 (14)
As xta  1 and a > 1, one ﬁnds that
ρta  ρ0
(
1+ c1 I1(α)xata(ρ0)
)
(15)
where to compute xta we use Eq. (7) with ρ0 instead of ρta. From
Eqs. (7) and (15) we see once again that for all α = 12 (i.e. β = 2)
the turn-around density ρta loses its universality and becomes thefunction of the halo mass M . The turn-around radius Rta(M) is
related to ρta via Rta(M) = (M/ρta)1/3.
Under the assumption of exact self-similarity, discussed above
(i.e. rC/Rta = const) one arrives to the following expression for S
(recall that β = 4(1− α)):
S(M) = ρCrC ∝ M1/3ρ2/3ta (16)
∝ M1/3ρ2/30
(
1+ 2
3
c1 I1(α)
(
M
Mlim
) 1−2α
3
)
(17)
where
Mlim ≡ 1G
[(
rc
2
)3β(
π
t0
)2(1+β)] 1
β−2
(18)
3. Can this effect be probed?
The relation between S and M can be probed experimen-
tally. A catalog of about 1000 DM proﬁles for ∼ 300 unique DM-
dominated objects from dwarf galaxies to galaxy clusters was col-
lected in [14]. The best-ﬁt relation S ∝ M0.23 reproduces remark-
ably well the results of the CDM numerical simulations [18,19]
(see Fig. 1). To understand what deviations from this simple scal-
ing relation can be detectable, one should know how precisely
it reproduces the data (equivalently, the dispersion of the data
points in Fig. 1 and their error bars). It is hard to estimate the
systematic errors of all 1000 proﬁles, obtained by different meth-
ods, with different observational and data reduction techniques.
Instead, following [14] we adopt a different strategy. We assume
that systematic uncertainties are different in different observations
and on average the dispersion of the data (where both S and M
for each object were derived from the quoted best-ﬁt values of
its DM density proﬁles) gives a good estimate of both the statisti-
cal and the systematic errors (observational bias, effect of baryons,
formation history, etc.) and intrinsic variability of the data. There-
fore, we take the scatter around the overall scaling law S ∝ Mκ
as a proxy of the error of the slope. This assumptions is a poste-
riori conﬁrmed by detailed comparison with the pure DM N-body
simulations. The observed S(M) relation coincides in many details
(including the best ﬁt average value and a different scaling law
for the sub-halos) with the results of pure DM N-body simulations
(Fig. 1). The scatter of halo properties in simulations (shaded re-
gion in Fig. 1) also coincides with the scatter of derived values of
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1015M .
S and M around the best-ﬁt line. We presume that such a detailed
agreement cannot be due to a pure chance.
The comparison of relation (17) for several α’s and rc with the
data is shown in Fig. 2.
Clearly, the most interesting case is when rV ≈ Rta for some
range of observed halo masses. In this regime the deviations from
Newtonian gravity become the strongest. The range of values rc for
which this happens is shown in Fig. 3 (the value of t0 is chosen to
be the lifetime of the Universe t0  1.3 × 1010 years). We expect
that for rc in the shaded region in Fig. 3 the slope of the rela-
tion S ∝ Mκ will change. Analysis of this case requires however
an exact solution of the non-linear analog of the Poisson equation
in theories with α (see e.g. [4]), i.e. the knowledge of properties
of the function π(r/rV ) in the range of radii, where the pertur-
bative expansion (12) breaks down. Notice, that the region where
rV ≈ Rta shrinks toward the value rc = 2π t0 as α → 12 . For this
value of rc the Vainshtein radius in the DGP model is equal to the
turn-around radius for all halo masses.2 Knowledge of the potential
π(x) would also allow to probe the modiﬁcations of gravity di-
rectly in the Local Group and other nearby galaxies, by studying
the infall trajectory around the turn-around radius (see e.g. [27]).
2 In general for rc ∼ H−10 the turn-around radius is smaller than rV for α < 12
and bigger than rV for α > 12 .Another way to probe the S–M relation for general rc and α
is to do numerical simulations in the theories of modiﬁed gravity
(see examples in [11,12]) and compare directly with observations
both the scaling of the central values of S and M and the scatter
around it.
4. Conclusion
The main purpose of this work was to identify a new observ-
able that can be used to constrain the large scale modiﬁcations
of gravity. We see that the scaling properties of dark matter ha-
los are sensitive to such modiﬁcations. We demonstrated that the
models with α = 12 predict the deviation from a simple power-law
scaling in the S(M) relation. Comparison of predictions of such
models with the data, collected in [14] potentially allows to re-
strict the values of rc from below for a given α. It is known that
the back-reaction of baryons on dark matter can change the rela-
tion between concentration and mass (see e.g. [29,30] for recent
numerical studies of baryonic feedback processes). This feedback
is strongly dependent on the mass scales. If a deviation from the
universal law is observed, one may try to attribute it to baryonic
effects, and therefore it would be diﬃcult to interpret such a de-
viation as a signature for large scale modiﬁcations of gravity (or
some other fundamental physics effect). However, if no deviations
from the power law scaling is observed, from the point of view
of theories of modiﬁed gravity this would mean that baryonic ef-
fects exactly compensate the expected (at the level of pure DM)
cross-over in the scaling S(M). In discussing the possible bounds
on parameters of modiﬁed gravity models we assume that such a
coincidence does not happen.
The improved data-processing and new observational data on
DM distributions will allow to strengthen these bounds and make
them quantitative. It is important to note that most of the data
in [14] are obtained from observations around rC and the total
mass is derived (rather than measured). It is important to have an
independent information about the total halo mass from observa-
tions at large distances. Wherever such data is available (e.g. [31]),
they agree well with the derived S(M) (black points in Fig. 1). In
addition, stacked (averaged over many thousands of objects) re-
sults from weak lensing data of [24] reproduce the best-ﬁt relation
remarkably well (yellow squares in Fig. 1).
In this work we have analyzed only the case when the turn-
around sphere is well inside the Vainshtein radius, rV  Rta. To
analyze a general case, a better theoretical understanding of the
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quality of data this will allow to extend our analysis to a wider
range of parameters.
In the case α = 12 (the DGP model) the S(M) dependence re-
mains featureless. In this case one has rV ≈ Rta for all masses (for
rc ∼ H−10 ) and the deviations from the Newtonian gravity at turn-
around radius will be strong. Therefore this model (in general,
all models that have rV ∼ Rta for halos of M ∼ 1012M) can be
probed by studying the infall trajectories around the turn-around
radius in the Local Group and nearby galaxies [27] using the avail-
able data and the data from forthcoming surveys of the Milky Way
as well as GAIA mission.
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